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Figur 1 Plantens rørsystemer. Vandet bevæger sig i xylemet fra roden mod bladet, mens sukkeret 
løber i phloemet i den modsatte retning  [1]. Xylemet sidder i midten og udgør langt den største del 
af stammens areal. Vandtransporten foregår mellem den yderste håndfuld åringe. Phloemet sidder i 
et meget tyndt lag lige under barken. C. Clanet/Cambridge University Press (2009) & Biswarup Ganguly/
Creative Commons 3.0.!
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Phloem ++
•  Sugar'transport2

–  Sugar:'1'kg/day2
–  Water:'4'kg/day2

•  Cell'diameter:210'Sm2

•  Flow'velocity:2100'Sm/s2

•  Reynolds'number:'10V32

Xylem+
•  Water'transport2

–  Water'uptake:' 2100'kg/day2

–  Evaporation:2'' 295'kg/day2
–  Photosynthesis:'2''''1'kg/day2
–  Phloem:'2 2 2''''4'kg/day2

•  Cell'diameter:'100'Sm2

•  Flow'velocity:'1'mm/s2

•  Reynolds'number:'10V12

See e.g. Vogel, The life of a Leaf (2012).!
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Leaf'size'2
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Jensen and Zwieniecki. Phys. Rev. Lett.  110 (2013)!
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Jensen, Rio, Hansen, Clanet, Bohr. J.Fluid Mech. 636 (2009)!



Sugar'speed'–'scaling'analysis2

•  Leaf'dominant2

2

•  Stem'dominant2

•  Münch'number2

Figur 1 Plantens rørsystemer. Vandet bevæger sig i xylemet fra roden mod bladet, mens sukkeret 
løber i phloemet i den modsatte retning  [1]. Xylemet sidder i midten og udgør langt den største del 
af stammens areal. Vandtransporten foregår mellem den yderste håndfuld åringe. Phloemet sidder i 
et meget tyndt lag lige under barken. C. Clanet/Cambridge University Press (2009) & Biswarup Ganguly/
Creative Commons 3.0.!
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Engineering'challenge'#1:'

Measuring'phloem'flow'speed22

•  Radioactive'tracers2

•  Fluorescent'dye2

•  Nuclear'magnetic'

resonance'imaging'

(NMR)2

Windt et al. Plant, Cell & Environment 29 (2006) !
Savage, Zwieniecki, Holbrook !
Plant Physiology 163 (2013) !

Minchin and Troughton!
Ann. Rev. Plant Physiol. 31 (1980) !



Sugar'speed'–'scaling'analysis2
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Jensen, Lee, Bohr, Bruus, Holbrook, Zwieniecki. J. Roy. Soc. Interface (2011) !
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Limits'to'Leaf'Size2

•  Energy'flux2
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Supplementary Figure 4. Energy flux as a function of leaf size. (a) plot of energy flux E/(kc�p) (in units of 10�10m/(Pa s)) as
a function of leaf size l for tree heights h = 25, 50, 75, 100 m increasing along the direction of the arrow. Dashed lines indicate
maximum obtainable energy flux E

max

at each height (Eq. (2)). (b) Plot of normalized energy flux ✏ = E/E
max

as a function
of leaf size l. Dashed line indicates e�ciency level ✏ = 1� ⌧ = 0.9, c.f. Eq. (6). (c) Plot of the relative gain in energy flux � as
a function of leaf size l (Eq. (5)). Dashed line indicates � = ⌧ 0 = 0.01

A. Model for energy flux in the phloem vascular system of plants

The flux of energy E (energy per unit time per unit area of vasculature) mediated by the movement of sugar
molecules may be quantified by considering the flow speed u of the carrier liquid since the energy flux may be
expressed as E ⇠ kcu. Here, c is the concentration of sugar in the phloem sap and k is the energy content per sugar
molecule. The energy flux E will depend on the geometric parameters of the problem, in particular on the height of
the tree h, length of the leaf l and the radius of the phloem sieve element r. Briefly, we consider the phloem vascular
system as a series of cylindrical tube spanning the entire length of the plant [2, 3]. The resistance to water flow
may be split into three parts: A source (leaf) resistance R

source

inversely proportional to the phloem cell wall area
R

source

= 1/(2⇡rlLp), a stem resistance R
stem

= 8⌘h/(⇡r4), and a sink resistance R
sink

= 1/(2⇡rsLp). Here, Lp is
the permeability of the semipermeable membrane, ⌘ is the viscosity of the liquid, and h, l, and s are the lengths of
the leaf, stem and sink regions respectively. Since the sink length is typically greater than the leaf length (s � l) we
find for the energy flux

E = kcu =
2r2Lpl

r3 + 16Lp⌘lh
kc�p. (1)

Here, �p = RT�c is the pressure di↵erence driving the flow, an osmotically generated pressure set up by di↵erences in
sugar concentration �c between source and sink. The energy flux E is plotted as a function of leaf size l in SFig. 4(a).

We note that Eq. (1) predicts that for fixed tree height h and leaf length l, E is at a maximum when r3 / Lp⌘lh, a
relation which is well documented in many herbaceous plants [2] and in some trees [3]. For trees taller than h ' 20 m,
however, the sieve element radius r appears to never grow larger than r ' 20µm, presumably because of constraints
on the size/volume of the sieve-element/companion cell complex [3]. For constant sieve element radius r, the energy
flux E decreases monotonically as the tree height h increases due to the added resistance to flow in the stem. The
dependence on leaf size, however, is more complicated. Initially, the energy flux E increases rapidly with leaf size,
before it levels o↵ and reaches a maximum level E

max

given by

E
max

=
1

8

r2

⌘h
kc�p. (2)

which is obtained when lh � r3/(16Lp⌘), see SFig. 4(a). From Eq. (2), we observe that the maximum energy output
per unit area of vasculature is inversely proportional to the height of the tree E / 1/h. Measured in units of E

max

,
we find energy flux ✏ is given by

✏ =
E

E
max

=
16Lp⌘lh

r3 + 16Lp⌘lh
, (3)

which is plotted as a function of leaf size in SFig. 4(b). The rate at which the energy flux E grows with leaf size l is
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maximum obtainable energy flux E
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at each height (Eq. (2)). (b) Plot of normalized energy flux ✏ = E/E
max

as a function
of leaf size l. Dashed line indicates e�ciency level ✏ = 1� ⌧ = 0.9, c.f. Eq. (6). (c) Plot of the relative gain in energy flux � as
a function of leaf size l (Eq. (5)). Dashed line indicates � = ⌧ 0 = 0.01

A. Model for energy flux in the phloem vascular system of plants

The flux of energy E (energy per unit time per unit area of vasculature) mediated by the movement of sugar
molecules may be quantified by considering the flow speed u of the carrier liquid since the energy flux may be
expressed as E ⇠ kcu. Here, c is the concentration of sugar in the phloem sap and k is the energy content per sugar
molecule. The energy flux E will depend on the geometric parameters of the problem, in particular on the height of
the tree h, length of the leaf l and the radius of the phloem sieve element r. Briefly, we consider the phloem vascular
system as a series of cylindrical tube spanning the entire length of the plant [2, 3]. The resistance to water flow
may be split into three parts: A source (leaf) resistance R

source

inversely proportional to the phloem cell wall area
R

source

= 1/(2⇡rlLp), a stem resistance R
stem

= 8⌘h/(⇡r4), and a sink resistance R
sink

= 1/(2⇡rsLp). Here, Lp is
the permeability of the semipermeable membrane, ⌘ is the viscosity of the liquid, and h, l, and s are the lengths of
the leaf, stem and sink regions respectively. Since the sink length is typically greater than the leaf length (s � l) we
find for the energy flux

E = kcu =
2r2Lpl

r3 + 16Lp⌘lh
kc�p. (1)

Here, �p = RT�c is the pressure di↵erence driving the flow, an osmotically generated pressure set up by di↵erences in
sugar concentration �c between source and sink. The energy flux E is plotted as a function of leaf size l in SFig. 4(a).

We note that Eq. (1) predicts that for fixed tree height h and leaf length l, E is at a maximum when r3 / Lp⌘lh, a
relation which is well documented in many herbaceous plants [2] and in some trees [3]. For trees taller than h ' 20 m,
however, the sieve element radius r appears to never grow larger than r ' 20µm, presumably because of constraints
on the size/volume of the sieve-element/companion cell complex [3]. For constant sieve element radius r, the energy
flux E decreases monotonically as the tree height h increases due to the added resistance to flow in the stem. The
dependence on leaf size, however, is more complicated. Initially, the energy flux E increases rapidly with leaf size,
before it levels o↵ and reaches a maximum level E

max

given by

E
max

=
1

8

r2

⌘h
kc�p. (2)

which is obtained when lh � r3/(16Lp⌘), see SFig. 4(a). From Eq. (2), we observe that the maximum energy output
per unit area of vasculature is inversely proportional to the height of the tree E / 1/h. Measured in units of E

max

,
we find energy flux ✏ is given by

✏ =
E

E
max

=
16Lp⌘lh

r3 + 16Lp⌘lh
, (3)

which is plotted as a function of leaf size in SFig. 4(b). The rate at which the energy flux E grows with leaf size l is

l = lmin



Upper'limit'to'leaf'size2

•  Large'leaf,'fast'flow2

– Cost'of'maintaining'2

2vasculature'2

C = �l⇡r2

5

given by

@E

@l
=

2Lpr5

(r3 + 16Lp⌘lh)2
kc�p (4)

which relative to the growth rate for a very small leaf @E
0

/@l (i.e. when lh ⌧ r3/(16⌘Lp)) is

� =
@E/@l

@E
0

/@l
=

r6

(r3 + 16Lp⌘lh)2
. (5)

� is plotted as a function of leaf size l in SFig. 4(c).

B. Constraints on leaf size

1. Upper limit on leaf size

From Eq. (1) and SFig. 4(a) it is clear there is an upper limit on the energy flux E
max

(Eq. (2)) determined by
the height of the tree h. Clearly, the plant must invest a large amount of energy in constructing long leaves and it
is reasonable to assume that the increase in leaf length will stop once the normalized energy flux ✏ (see Eq. (3)) is
su�ciently close to unity. Writing the e�ciency ⌧ = 1� E/E

max

= 1� ✏ ⌧ 1 (see Eq. (2) of main paper) leads to

l
max

=
1

16

1� ⌧

⌧

r3

Lp⌘

1

h
' 1

16⌧

r3

Lp⌘

1

h
(6)

Similarly, one can argue that leaf growth will stop once the energy flux gain � reaches a fraction ⌧ 0 ⌧ 1 of its initial
value. This leads to

l
max

=
1

16

✓
1

⌧ 01/2
� 1

◆
r3

Lp⌘

1

h
' 1

16⌧ 01/2
r3

Lp⌘

1

h
. (7)

which is of the same form as Eq. (6) with ⌧ 01/2 = ⌧ . Finally, we may explicitly introduce a cost C [J/s] of maintaining
the vasculature proportional to its volume V ; C = �V = �l⇡r2. Requiring that the cost C is less than or equal to the
specific energy output E⇡r2 leads to

l
max

=
1

16

2r2Lpkc�p� �r3

�Lp⌘

1

h
(8)

which as Eqns. (7) and (6) also depends on the tree height h as l
max

/ 1/h.

2. Lower limit on leaf size

When laying out the vascular transport system it appears reasonable that the energy flux should exceed some
minimum value E

min

. If E < E
min

, the cost of maintaining the vasculature would not be covered by the energy
transported in the vasculature itself, and no energy would be left at the receiving end (at the sink, e.g. root or fruit)
thereby defying the purpose of laying down the vascular network in the first place. Putting E = E

min

in Eq. (1), we
find an expression for the shortest leaf size we would expect to observe

l
min

=
1

16

r3

Lp⌘

1

h
max

� h
. (9)

Here, the height at which the right hand side diverges is h
max

= r2kc�p/(8⌘E
min

). Writing the minimum energy flux
E

min

in terms of an minimum flow speed u
min

we find E
min

= kcu
min

and h
max

becomes h
max

= r2�p/(8⌘u
min

).

E � C = 0 )
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•  Large'leaf,'fast'flow2

– Stop'growth'when2

2close'to'max'output2

and likely no longer sufficient to offset the cost of building
and maintaining the leaf. We therefore assume that an
increase in leaf size will stop once the energy output E
has reached a fraction E! ð1# !ÞEmax (where ! % 1) of
the maximum obtainable. This leads to a maximum pre-
dicted leaf length of

lmax ¼
1

16

r3

!Lp"

1

h
(2)

as illustrated in Fig. 3(a).
Although having several small leaves in place of one

large may seem advantageous, it is worth noting that the
flow speed u and hence energy flux E generated by each
leaf grows linearly with leaf size when l is small [i.e., when
16Lp"lh % r3, see Eq. (1)]. Thus for small leaves, no
significant gain in energy export can be obtained by replac-
ing one big leaf with two smaller leaves. Having smaller
leaves does, however, affect translocation speed. To facili-
tate efficient transport of signaling molecules and to ensure
that at least some energy is delivered to the receiving sink,
we propose that the flow speed must exceed some mini-
mum value umin. If not, the plant would be unable to
effectively use the phloem as an information path and
have difficulties delivering a minimum energy flux
Emin ¼ kcumin to the sink, thereby defying the purpose of
laying down the vascular network in the first place. To
estimate this minimum flow speed, we note that vascular
systems are formed because cell-to-cell diffusion is insuf-
ficient as a transport mechanism over long distances [1,27].
With typical plant cell sizes in the range of d ¼
10–100 #m, diffusion and advection of sugars are equally
effective over these length scales when the Peclet number
Pe ¼ vd=D ¼ 1 [27], where v is the flow speed and
D is the diffusion coefficient (D ¼ 0:5' 10#9 m2=s
for sucrose [28]). We therefore expect v ’ D=d ¼
5–50 #m=s to provide a lower estimate of the minimum
flow speed umin. Assuming u ¼ umin, we find from Eq. (1)
that the leaf size lmin at which this speed is first obtained is
given by

lmin ¼
1

16

r3

Lp"

1

ðhmax # hÞ (3)

as illustrated in Fig. 3(b). In Eq. (3), we have expressed
the minimum leaf size in terms of hmax ¼ r2!p=ð8"uminÞ,
the tree height at which it is no longer possible to obtain the
flow speed umin due to resistance to flow in the stem.

To quantify the lower and upper boundary of the
leaf length data set in Fig. 2 we used the five longest and
five shortest leaves within 20 m tree height bins. In the
analysis, we focused only on trees taller than 20 m since
observational data indicate that the sieve element radius is
constant above this height [20] in which case Eqs. (2) and
(3) are relevant. The upper boundary can be fitted to Eq. (2)
with a line reflecting nearly 90% of maximum energy
outflow from an infinitely long leaf (! ¼ 0:094( 0:004,

R2 ¼ 0:89, N ¼ 20, p < 0:05%). The lower boundary can
be fitted to Eq. (3) with a minimum flow speed of approxi-
mately umin ¼ 100 #m=s (umin ¼ 96( 5 #m=s, R2 ¼
0:95, N ¼ 20, p < 0:05%); see Fig. 2. The trend of the
boundaries remains valid for subsets of the data covering
just 10% of the species (two genera), suggesting that the
observed pattern is not strictly phylogenetic but truly
driven by intrinsic physical effects (Supplemental
Material Fig. 2 [8]). The determined value of umin is
compatible with minimum observed flow rates from mul-
tiple species [29,30] and with our estimate of diffusion
limited transport at the cell-to-cell level. With estimates of
the driving pressure (!p ¼ 1 MPa) and membrane perme-
ability (Lp ¼ 5' 10#14 m=s=Pa) derived from the litera-

ture [23,31], we find that tree height hmax at which the flow
speed umin can no longer be obtained is hmax ¼ 104( 6 m.
This question considered in the present Letter is part of a

greater class of problems questioning how physical laws
affect the size and shape of living organisms. We propose a
simple physical model that explains the observed limits to
leaf size and the lack of very long and very short leaves on
tall trees. The limits to leaf size can be understood by the
physical constraints imposed by intrinsic (biological and
geometrical) properties of the carbohydrate transport net-
work. The lower boundary of the leaf size is set by the
minimum energy flux [Eq. (3)], and the upper boundary is
set by a diminishing gain in transport efficiency [Eq. (2)].
Both established boundaries meet at h! 100 m, very close
to the maximum angiosperm tree height ever recorded [7],
providing a biophysical interpretation of the absolute limit
to tree height.
The broad range of leaf lengths found in short trees

reflects variation driven by environmental factors within
limits set by the sugar transport network. Environments
characterized by, e.g., water stress or high winds, generally
lead to a decrease in leaf size [32], which may eventually
approach the lower boundary lminðhÞ. In harsh environ-
ments, tree height can therefore be limited by leaf length,
since small leaves are unable to support the required mini-
mum flow in taller trees. This provides a new explanation
for the lack of tall trees in environments with limited water
resources. On the other hand, environments most suitable
for plant growth allow trees to explore the upper boundary
of leaf lengths where further growth does not benefit energy
export rates. This may explains the endemic occurrence of
the tallest trees in the most forgiving environments, includ-
ing tropical rain forests or foggy river ravines.
The authors wish to thank N. Michele Holbrook,

Abraham D. Stroock, Tomas Bohr, Henrik Bruus, and
Jessica Savage. This work was supported by the Materials
Research Science and Engineering Center (MRSEC) at
Harvard University, the National Science Foundation
(Grant No. EAR-1024041), the Air Force Office of
Scientific Research (FA 9550-12-1-0227), and the Danish
Council for Independent Research | Natural Sciences.
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and likely no longer sufficient to offset the cost of building
and maintaining the leaf. We therefore assume that an
increase in leaf size will stop once the energy output E
has reached a fraction E! ð1# !ÞEmax (where ! % 1) of
the maximum obtainable. This leads to a maximum pre-
dicted leaf length of

lmax ¼
1

16

r3

!Lp"

1

h
(2)

as illustrated in Fig. 3(a).
Although having several small leaves in place of one

large may seem advantageous, it is worth noting that the
flow speed u and hence energy flux E generated by each
leaf grows linearly with leaf size when l is small [i.e., when
16Lp"lh % r3, see Eq. (1)]. Thus for small leaves, no
significant gain in energy export can be obtained by replac-
ing one big leaf with two smaller leaves. Having smaller
leaves does, however, affect translocation speed. To facili-
tate efficient transport of signaling molecules and to ensure
that at least some energy is delivered to the receiving sink,
we propose that the flow speed must exceed some mini-
mum value umin. If not, the plant would be unable to
effectively use the phloem as an information path and
have difficulties delivering a minimum energy flux
Emin ¼ kcumin to the sink, thereby defying the purpose of
laying down the vascular network in the first place. To
estimate this minimum flow speed, we note that vascular
systems are formed because cell-to-cell diffusion is insuf-
ficient as a transport mechanism over long distances [1,27].
With typical plant cell sizes in the range of d ¼
10–100 #m, diffusion and advection of sugars are equally
effective over these length scales when the Peclet number
Pe ¼ vd=D ¼ 1 [27], where v is the flow speed and
D is the diffusion coefficient (D ¼ 0:5' 10#9 m2=s
for sucrose [28]). We therefore expect v ’ D=d ¼
5–50 #m=s to provide a lower estimate of the minimum
flow speed umin. Assuming u ¼ umin, we find from Eq. (1)
that the leaf size lmin at which this speed is first obtained is
given by

lmin ¼
1

16

r3

Lp"

1

ðhmax # hÞ (3)

as illustrated in Fig. 3(b). In Eq. (3), we have expressed
the minimum leaf size in terms of hmax ¼ r2!p=ð8"uminÞ,
the tree height at which it is no longer possible to obtain the
flow speed umin due to resistance to flow in the stem.

To quantify the lower and upper boundary of the
leaf length data set in Fig. 2 we used the five longest and
five shortest leaves within 20 m tree height bins. In the
analysis, we focused only on trees taller than 20 m since
observational data indicate that the sieve element radius is
constant above this height [20] in which case Eqs. (2) and
(3) are relevant. The upper boundary can be fitted to Eq. (2)
with a line reflecting nearly 90% of maximum energy
outflow from an infinitely long leaf (! ¼ 0:094( 0:004,

R2 ¼ 0:89, N ¼ 20, p < 0:05%). The lower boundary can
be fitted to Eq. (3) with a minimum flow speed of approxi-
mately umin ¼ 100 #m=s (umin ¼ 96( 5 #m=s, R2 ¼
0:95, N ¼ 20, p < 0:05%); see Fig. 2. The trend of the
boundaries remains valid for subsets of the data covering
just 10% of the species (two genera), suggesting that the
observed pattern is not strictly phylogenetic but truly
driven by intrinsic physical effects (Supplemental
Material Fig. 2 [8]). The determined value of umin is
compatible with minimum observed flow rates from mul-
tiple species [29,30] and with our estimate of diffusion
limited transport at the cell-to-cell level. With estimates of
the driving pressure (!p ¼ 1 MPa) and membrane perme-
ability (Lp ¼ 5' 10#14 m=s=Pa) derived from the litera-

ture [23,31], we find that tree height hmax at which the flow
speed umin can no longer be obtained is hmax ¼ 104( 6 m.
This question considered in the present Letter is part of a

greater class of problems questioning how physical laws
affect the size and shape of living organisms. We propose a
simple physical model that explains the observed limits to
leaf size and the lack of very long and very short leaves on
tall trees. The limits to leaf size can be understood by the
physical constraints imposed by intrinsic (biological and
geometrical) properties of the carbohydrate transport net-
work. The lower boundary of the leaf size is set by the
minimum energy flux [Eq. (3)], and the upper boundary is
set by a diminishing gain in transport efficiency [Eq. (2)].
Both established boundaries meet at h! 100 m, very close
to the maximum angiosperm tree height ever recorded [7],
providing a biophysical interpretation of the absolute limit
to tree height.
The broad range of leaf lengths found in short trees

reflects variation driven by environmental factors within
limits set by the sugar transport network. Environments
characterized by, e.g., water stress or high winds, generally
lead to a decrease in leaf size [32], which may eventually
approach the lower boundary lminðhÞ. In harsh environ-
ments, tree height can therefore be limited by leaf length,
since small leaves are unable to support the required mini-
mum flow in taller trees. This provides a new explanation
for the lack of tall trees in environments with limited water
resources. On the other hand, environments most suitable
for plant growth allow trees to explore the upper boundary
of leaf lengths where further growth does not benefit energy
export rates. This may explains the endemic occurrence of
the tallest trees in the most forgiving environments, includ-
ing tropical rain forests or foggy river ravines.
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and likely no longer sufficient to offset the cost of building
and maintaining the leaf. We therefore assume that an
increase in leaf size will stop once the energy output E
has reached a fraction E! ð1# !ÞEmax (where ! % 1) of
the maximum obtainable. This leads to a maximum pre-
dicted leaf length of

lmax ¼
1

16

r3

!Lp"

1

h
(2)

as illustrated in Fig. 3(a).
Although having several small leaves in place of one
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flow speed u and hence energy flux E generated by each
leaf grows linearly with leaf size when l is small [i.e., when
16Lp"lh % r3, see Eq. (1)]. Thus for small leaves, no
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leaves does, however, affect translocation speed. To facili-
tate efficient transport of signaling molecules and to ensure
that at least some energy is delivered to the receiving sink,
we propose that the flow speed must exceed some mini-
mum value umin. If not, the plant would be unable to
effectively use the phloem as an information path and
have difficulties delivering a minimum energy flux
Emin ¼ kcumin to the sink, thereby defying the purpose of
laying down the vascular network in the first place. To
estimate this minimum flow speed, we note that vascular
systems are formed because cell-to-cell diffusion is insuf-
ficient as a transport mechanism over long distances [1,27].
With typical plant cell sizes in the range of d ¼
10–100 #m, diffusion and advection of sugars are equally
effective over these length scales when the Peclet number
Pe ¼ vd=D ¼ 1 [27], where v is the flow speed and
D is the diffusion coefficient (D ¼ 0:5' 10#9 m2=s
for sucrose [28]). We therefore expect v ’ D=d ¼
5–50 #m=s to provide a lower estimate of the minimum
flow speed umin. Assuming u ¼ umin, we find from Eq. (1)
that the leaf size lmin at which this speed is first obtained is
given by

lmin ¼
1

16

r3

Lp"

1

ðhmax # hÞ (3)

as illustrated in Fig. 3(b). In Eq. (3), we have expressed
the minimum leaf size in terms of hmax ¼ r2!p=ð8"uminÞ,
the tree height at which it is no longer possible to obtain the
flow speed umin due to resistance to flow in the stem.
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R2 ¼ 0:89, N ¼ 20, p < 0:05%). The lower boundary can
be fitted to Eq. (3) with a minimum flow speed of approxi-
mately umin ¼ 100 #m=s (umin ¼ 96( 5 #m=s, R2 ¼
0:95, N ¼ 20, p < 0:05%); see Fig. 2. The trend of the
boundaries remains valid for subsets of the data covering
just 10% of the species (two genera), suggesting that the
observed pattern is not strictly phylogenetic but truly
driven by intrinsic physical effects (Supplemental
Material Fig. 2 [8]). The determined value of umin is
compatible with minimum observed flow rates from mul-
tiple species [29,30] and with our estimate of diffusion
limited transport at the cell-to-cell level. With estimates of
the driving pressure (!p ¼ 1 MPa) and membrane perme-
ability (Lp ¼ 5' 10#14 m=s=Pa) derived from the litera-

ture [23,31], we find that tree height hmax at which the flow
speed umin can no longer be obtained is hmax ¼ 104( 6 m.
This question considered in the present Letter is part of a

greater class of problems questioning how physical laws
affect the size and shape of living organisms. We propose a
simple physical model that explains the observed limits to
leaf size and the lack of very long and very short leaves on
tall trees. The limits to leaf size can be understood by the
physical constraints imposed by intrinsic (biological and
geometrical) properties of the carbohydrate transport net-
work. The lower boundary of the leaf size is set by the
minimum energy flux [Eq. (3)], and the upper boundary is
set by a diminishing gain in transport efficiency [Eq. (2)].
Both established boundaries meet at h! 100 m, very close
to the maximum angiosperm tree height ever recorded [7],
providing a biophysical interpretation of the absolute limit
to tree height.
The broad range of leaf lengths found in short trees

reflects variation driven by environmental factors within
limits set by the sugar transport network. Environments
characterized by, e.g., water stress or high winds, generally
lead to a decrease in leaf size [32], which may eventually
approach the lower boundary lminðhÞ. In harsh environ-
ments, tree height can therefore be limited by leaf length,
since small leaves are unable to support the required mini-
mum flow in taller trees. This provides a new explanation
for the lack of tall trees in environments with limited water
resources. On the other hand, environments most suitable
for plant growth allow trees to explore the upper boundary
of leaf lengths where further growth does not benefit energy
export rates. This may explains the endemic occurrence of
the tallest trees in the most forgiving environments, includ-
ing tropical rain forests or foggy river ravines.
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et al. 2011); all species can easily reach heights of more than
20 m. If the observed transport velocity is representative for
all exemplars, then an increased osmotic potential and/or
higher sieve tube conductivity would be needed to offset
the stem length effect. Despite the inaccessibility of the
phloem to measurement of osmotic pressure and therefore
lack of direct evidence (Millburn & Kallarackal 1989), it is
now assumed that phloem pressure does not scale with
plant height (Turgeon 2010). The measurement of key
features of the SE anatomy should allow estimation of the

conductivity and therefore answer the question if tall trees
have the potential to transport with similar velocities
observed in small trees and herbaceous plants.

METHODS

Theoretical analysis of the Münch
pressure-flow mechanism

The most widely accepted mechanism for phloem transport
is the osmotically driven pressure flow proposed by Münch
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Figure 1. Aspects of plant anatomy relevant to phloem transport. (a) Schematic sketch of sugar translocation in plants according to the
Münch hypothesis. In the source leaves, sugar (black dots) produced by photosynthesis is delivered into the phloem. Because of osmosis,
the high concentration of sugar creates a flow of water across the semipermeable cell membrane from the surrounding tissue into the
phloem. This in turn pushes the water and sugar already present forward, thereby creating a bulk flow from sugar source to sugar sink. At
the sink, for example, the root, removal of sugar from the phloem causes the water to leave the cells because the osmotic driving force is
no longer present. The loading and unloading processes are indicated by curved arrows. (b) Macroscopic parameters of phloem transport.
Stem length ltrans and leaf length lsource indicated for an angiosperm (left and top middle) and gymnosperm (right and bottom middle).
(c) Schematic sketch of sieve element (SE) geometry. In cross section, angiosperm SEs (top) are typically circular with radius a, while
gymnosperm SEs are rectangular with tangential half width at and radial half width ar. (d) and (e) Cross sections of secondary phloem
in the stem of mature trees. Stem phloem consists of the conducting SEs, the companion cells (CC) in case of angiosperms (d) and
Strasburger cells (Str) in case of gymnosperms (e), axially arranged ray parenchyma cells (R), fibres (F), parenchyma cells (PC) and
sometimes tannin cells (T). In most species, only a part of the current year’s phloem at the cambium (C) is functional. The arrowhead
indicates a simple sieve plate, typical for angiosperm phloem. Scale bars = 20 mm; (d) secondary phloem of Robinia pseudoacacia adapted
from Evert (1984); (e) secondary phloem of Picea abies adapted from Schulz & Behnke (1987).
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r

u

r2

1/r



1

3

10−6 10−5

10−2

10−1

100

101

102

r [m]

l
·
h
[m

2
]

r3 ⇠ Lp⌘lh
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Sugar'flow'in'the'stem2

•  Volume'flow2

•  Sugar'mass'flow2

veins within leaves [18], both processes being part of the
transpiration stream [1]. Progress in the fabrication of
microfluidic devices has made it possible to mimic
phloem transport [19], providing a physical model to
test Münch theory [20]. Here, we use synthetic phloem
to resolve design properties underlying the delivery of
photoassimilate and chemical signals between distal
plant parts and to provide a mechanistic basis for the
implementation of our mathematical model of phloem
function.

Many of the published models of phloem transport
incorporate details of sugar loading and unloading (e.g.
[21–24]). In contrast, our goal was to study a simplified
model, which agrees with the general trends previously
reported, but which due to its simplicity lends itself to a
scaling analysis. To determine if real plants follow the
scaling relation predicted by our mathematical model,
we examined phloem dimensions and transport velocities
in real plants using a novel, non-invasive, dye-tracing
method that offers a significant improvement to the pre-
viously used techniques such as traditional dye tracing
[25], biomass accumulation [26] or tracing radioactive
carbon [27], while accommodating a broader range of
plant materials than magnetic resonance imaging [12].
We also compared published data on sieve tube radii
with the optimal radii calculated from our model.

2. MATERIAL AND METHODS

To study osmotically driven flows in microchannels, we
designed and fabricated a microfluidic system consisting
of two layers of 1.5 mm thick polymethyl methacrylate

(PMMA) separated by a semi-permeable membrane
(Spectra/Por Biotech cellulose ester dialysis membrane,
MWCO 3.5 kDa, thickness 40 mm), as shown in
figure 2a. Channels of length 27 mm, width 200 mm and
depth h ¼ 100–200 mm were milled in the two PMMA
layers using a MiniMill/Pro3 milling machine [19]. The
top channel contains partly the sugar solution and
partly pure water, while the bottom channel always con-
tains only pure water. Inlets were produced by drilling
800 mm diameter holes through the wafer and inserting
brass tubes into these. By removing the surrounding
material, the channel walls in both the top and bottom
layers acquired a height of 100 mm and a width of
150 mm. After assembly, the two PMMA layers were posi-
tioned such that the main channels in either layer were
facing each other. Thus, when clamping the two layers
together using four 10 mm paper clamps, the membrane
acted as a seal, stopping any undesired leaks from the
channels as long as the applied pressure did not exceed
approximately 100 kPa.

The top channel was connected at one end to a
syringe pump (NE-1000, New Era syringe pump, NY),
which continuously injected a solution of water, dextran
(17.5 kDa, Sigma-Aldrich) 1 mm polystyrene beads
(Sigma-Aldrich, L9650-1ML, density 1050 kg m23) into
the channel at flow velocities of 2–4 mm s21. At the
other end, the channel was left open with the outlet termi-
nating in an open reservoir. Both ends of the lower ‘pure
water’ channel were connected to this reservoir to mini-
mize the hydrostatic pressure difference across the
membrane and to prevent axial flow in this channel.
The flow velocity inside the upper channel was recorded
by tracking the motion of the beads. Image sequences
were recorded at different positions along the channel
using a Unibrain Fire-i400 1394 digital camera attached
to a Nikon Diaphot microscope with the focal plane at
h/2 and a focal depth of approximately 10 mm. The flow
behaved as if it were pressure-driven and the standard
laminar flow profile was used to determine the average
flow velocity [19].

To determine rates of phloem transport in vivo, an aqu-
eous solution (100 mg l21) of 5(6)-carboxyfluorescein
diacetate was placed onto gently abraded upper leaf
epidermis from where it was loaded into the phloem by
the plant (figure 2b) [28,29]. We tracked the dye, as
it moved in the phloem of petioles or stems, by photo-
bleaching flow velocity techniques that were previously
used in microfluidic systems [30,31]. However, these
single-detector techniques required modification to
accommodate measurements on living plant tissues (low
velocities, tissue light scattering and absorption, the
need to maintain favourable growth conditions). We
used two solid-state, high-gain photodiodes (SED033
used with IL1700 Research Radiometer, International
Light Technologies) separated by a known distance to
determine travel time of the photobleached pulse. The
photodiodes were connected to the stem/petiole via
bifurcated, 4 mm diameter optical fibres to obtain a suffi-
cient signal-to-noise ratio despite extremely low light
intensities. Excitation light was delivered via 490 nm
short-pass filters (Omega Optical, USA), while photo-
diodes were fitted with 510 nm long-pass filters (Omega
Optical). Excitation light was generated by narrow
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Figure 1. (a) Schematic of a plant in which sugar and signal-
ling molecules travel from sources, e.g. leaves, to places of
storage and growth, e.g. fruits or roots. In our model, the
plant is divided into three zones, a source/loading zone of
length l1 (the leaf; 0 , x , x1), a translocation zone of
length l2 (the stem; x1 , x , x2) and a sink/unloading zone
of length l3 (the root; x2 , x , x3). (b) Diagram of how the
Münch flow mechanism is thought to drive sugar transloca-
tion in plants. The surfaces of the cylindrical phloem cells of
radius r are covered by a semi-permeable membrane. Sugar
loaded actively into the cells at the sugar source draws
water by osmosis from the surrounding tissue, thereby gener-
ating flow as the sugar solution is displaced downstream.
(Online version in colour.)
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